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Abstract

Let G be a graph of order n and % a positive integer. A set of sub-
graphs H= {Hy, Ho, ..., H;} is called a k-weak cycle partition (abbre-
viated k-WCP) of G if Hy, -+, Hy are vertex disjoint subgraphs of G
such that V(GQ) = UL, V(#;) and for all i, 1 <i < k, H; is a cycle or
K, or K;. Tt has been shown by Enomoto and Li that if {G|=n >k
and if the degree sum of any pair of nonadjacent vertices is at least
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n—k+1, then G has a k-WCP. We prove that if G has a &-WCP and
if the minimum degree is at least ”“3—+2—k, then G can be partitioned into
k subgraphs H;, 1 <1 < k, where H; i3 a cycle or K.

1 Introduction

In this paper, we only consider finite undirected graphs without loops and
multiple edges. For a vertex z of a graph G, the neighborhood of  in G is
denoted by Ng(z), and dg(z) = |Ng(z)| is the degree of 2 in G. With a slight
abuse of notation, for a subgraph H of  and a vertex z € V(G) -V (H), we
also denote Ny(z) = Ng(z) NV (H) and dg(z) = |Ng(z)|. For a subset S of
V(G), the subgraph induced by S is denoted by {5}, and G—S = (V(G)—5).
For a graph G, |V(G)| is the order of G, §(G) is the minimum degree of G,

and

o3(G) = min{de(z) + da(y)lz,y € V(G),z # y,2y & E(G)}

is the minimum degree sum of nonadjacent vertices. (When G is a complete
graph, we define 3(G) = 0.)

If ' = e1cp-+cpeq is a cycle, we let c.;ﬁcj, for ¢ < j, be the subpath
€iCiy1 + - ¢j, and ¢;C¢; = ¢i¢i_1 - - ¢j, where the indices are taken modulo
p. For any ¢ and any { > 2, we put ¢ = ¢y, ¢ = ¢_1, ¢’ = ¢ and
c; F— Ci_]-

In this paper, “disjoint” means “vertex-disjoint,” since we only deal with
partitions of the vertex set.

Suppose Hy, - - -, Hy, are disjoint subgraphs of G such that V(G) = UL, V(H;)
and for all 7, 1 < ¢ < k, H; is a cycle or Kj or K3, then we call H =
{H, H, ..., Hp} a k-weak cycle partition (abbreviated &-WCP) of G. If, in
addition, for all 2, 1 <7 < k, H; is a cycle, then the union of these H; is a
2-factor of 7 with k& components. A sufficient condition for the existence of
a 2-factor with a specified number of components was given by Brandt et al.

[1].

Theorem 1 Suppose |G| = n > 4k and o2(G) > n. Then G can be parti-
tioned into k cycles, that is, G contains k disjoint cycles Hy,- -, Hy satisfying
V(G) = Uf:l V(H%)



In order to generalize 2-factors, Enomoto and Li [5] defined k-WCP by
considering single edge and single vertex as degenerated cycles. They showed
that weaker conditions than Theorem 1 are sufficient for the existence of k-

WCP.

Theorem 2 Let G be a graph of order n and k any positive integer with
k<n. Ifoy(G) 2n—k+1, then G has a k-WCP, except G = Cs and
k=2

Note that a single vertex can be considered as a cycle of one vertex. Our
purpose of this paper is to study the existence of a k-WCP {H:, Ha, ..., Hx},
each of H; is either a cycle or a single vertex. Firstly, we show that under a
weaker condition on degree sum, there is a k-WCP containing at most one
K5. Secondly, we show that under a weaker condition on minimum degree,
there is a &-WCP without K.

Theorem 3 Let G be a'gmph of order n > k 4+ 12 that has a k-WCP. If
03(G) > Bt then G has a k-WCP containing ot most one subgraph
wsomorphic to K.

Theorem 4 Let G be a k-WCP graph of order n that has ¢ k-WCP. If
§(G) > M2 then G has a k-WCP without K.

The graphs Gy = mK; + (m + 1)Ky, t € {1, 2}, show that both Theorem
3 and Theorem 4 are best possible. By Theorem 2 and Theorem 4, we get

Theorem 5 Suppose |G| =n > Tk — 3 and §(G) = 221, Then G can be
partitioned into k disjoint subgraphs H;, 1 <1 < k, where H; is a cycle or
K.

2 Proof of Theorem 3

Let H be a &-WCP such that ¢(?), the number of K,’s in H, achieves the

rainimum.



Let us suppose, to the contrary, that Theoremn 3 is false. Then, ¢ :=
t{H) > 2. Denote H = {Hy, Hy,..., Hi} so that H,;, 1 <i <t isa K; of G.
Suppose V(H;) = {us,v:}, 1 < i <t Set

A={v € V(G):v is not in any cycle of H},

and
B={veV(QG):v is in some cycle of H}.

Then, V(G) = AU B. We first have
(21) NA(ut) N NA(U{) = @, 1 S 4 S i.

Suppose, to the contrary, that z € Na(uw;) N Na(v;). Then, x € V{(H;) for
some j with 7 # i and |[V(H;)| < 2. Set C) = zuv;z and

2w _ [ (H\{H:, H;i) U {CW, V(H;)\ {e}}, ifj <t
('H\{Hi,Hj,Hl})U{C(l),m,vg}, if j >4,

where [ is any integer in {1,2,...,t} \ {s}. Then, H() is a &-WCP with
t(H®M) < ¢, contrary to the choice of H. Hence (2.1) is true.

(2.2) If ¢ > 3, then st.(U,j) + dm, ('Uj) <L 1<e#5<t.

To derive (2.2), we suppose, without loss of generality, that dg, (v1)+dm, (v1) >
1. Then, since both {H;) and (H,) are connected, (V(H;)UV(H,)} contains
a cycle C?), Define

2@ = [ (H\{Hy, Hy}) U{CP, (V(H) U V(H))\ V(CO)}, i |CP)] =3
a (% \ {Hla H, H3}) U {0(2):u39 U3}: if |C(2)| = 4.

Then, H® is a &-WCP with at most ¢ — 2 subgraphs isomorphic to K, a
contradiction. Hence (2.2) is true.

(2.3) dpg, (u1) = dpg, (1) = 0, 2 < i < L.

Suppose (2.3) is false, then (V(H;) U V(H;)} contains a path, say wiviusvs,
of length 3. By (2.1), we have uju;, v1v; ¢ E(G). Hence,

de(ur) + da(v1) + do(us) + da(vi) 2 203(G).
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On the other hand, to avoid a k-WCP with ¢t — 2 Kj’s, we have for every
cycle C in H that NZT+(w,), NA+(v1), N& (u;), Ne(v;) are pairwise disjoint.
This implies de(u1) + do(v1) + do(us) + do(v;) < |C], and hence

dp(u1) + de(vi) + de(us) + dp(vi) < |B].

Note that {H; : 1< § <k, [H;| < 2} is a (JA] — t)-weak partition of (4). By
(2.1) and (2.2), we get

2|Al, ift=2
da(ua) + da(v1) + da(us) + da(vi) < {2|(|/|1| ~t4+1), ift>3.

(k—1)+¢, ift<11,
k+t, if1> 19 mplies

This together with |A4] < {
da(ur) +da(vr) + dafui) + da(vi) < [A| + &+ 1.
Since V(G) = AU B, we have
de(w1) + de(v1) + do(w) + do(vi) < (JA|+k+ 1)+ |Bl=n+E+ 1,

which implies 4“"'3& < 209(G) €< n+k+1, contrary to n > k+ 12. Hence,
(2.3) is true.

(2.4) dg(u) + da(oy) < HAEE=S

Recall that {H; : 1 < i < k,|H;| < 2} is a (|4] — £)-WCP of (A) with ¢
subgraphs isomorphic to K, and |A| — 2¢ subgraphs isomorphic to K;. By
(2.1) and (2.3), we have da(u1) +da(vi) < [A] — 2t 4+ 2 < min{{A| -2,k —
t+2} < M_—Z%M. Hence, (2.4) is true for { > 3. Assume now t = 2.
Then, |A| < k + 2 implying that B # §. So, [4| < (k — 1) + 2 and the
assertion follows from da(u1) + da(vn) < [A| -2t +2 = [A] -2 < k- L
Therefore, (2.4) is true.

(2.5) V(G) # A.

Indeed, if V(G) = A, then by (2.4) we have dg(uy) + de(vi) < —2“"'3’“—5 <
o2(@). Similarly, dg(ua) + da(ve) < 02(G). Hence,

dc;.('u.l) -+ d(}'(’U1) + de(’U.g) + dg(vg) < QUQ(G)
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This implies {u1tq, 0102} N E(G) # 0. Without loss of generality, assume
uiug € E(G). By (2.1), we have uyvs, ugvy ¢ E(F) and hence

(de(u1) + da(vs)) -+ (do(us) + da(v1)) 2 202(G).
This contradiction completes the proof of (2.5).

It follows from (2.5) that H contains at least one cycle. Let C' be any cycle
in H.

(2.6) NZ(u1) N Ng(v) = 0.

To justify (2.6), we assume, to the contrary, that z € N (u1) N Ng(vr). Set
0®) = e Co-uioe and HO = (H\{C, Hy, H, ) U{C® uy,v;}. Then, HE)
is a &-WCP with ¢(H') < t(H). This contradiction proves (2.6).

Similarly, we have
(27) Ng.""(ul) n Ng('U]_) = Ng.""(ul) n Ng(ul) = @

It follows from (2.6) and (2.7) that 2d¢(w1) +de(v1) < {C|. By symmetry,
we also have 2do(v1) + de(uy) < |C]. Hence

(2.8) do(w1) + dolw) < 2L

Note that {V(H;): 1 <4 < k, H; is a cycle} is a partition of B. By (2.8),
we have ||
dp(u1) + dp(v1) < 3

This together with (2.4) implies dg (1) +da(vi) < glﬁlﬁ-l— @ = gmgc_—s <
o9(@). Similarly, we have dg(us) -+ de(ve) < o2(G). On the other hand, by an
argument similar to the proof of (2.5), we can get dg(ur) + da(v1) + da(ug) -+
da(vz) 2 209(G). This contradiction completes the proof of Theorem 3.



3 Proof of Theorem 4

Note that o5(G) > 26(G) > 224 By an argument similar to that in the
proof of Theorem 3, we can derive that G has a k&~-WCP, which contains at
most one subgraph isomorphic to K3. Among all of these partitions, choose .
one, say #, such that ¢(H), the number of cycles in the partition, achieves
the minimum. .

Let us suppose, to the contrary, that Theorem 4 is false. Then, H contains
exactly one subgraph isomorphic to K. Denote H= {H,, Hs, ..., Hy}, where
H =uvisa K; of H.

(3.1) o(H) > 1.

Indeed, if ¢(H) == 0, then |[V(G)] =k + 1 and hence §(G) > 2% > n— 1, a
contradiction. Hence, (3.1) is true.

Define A and B the same as those in Section 2. To aveid a desired k&-WCP,
we have

(3.2) For every cycle C in H, N3 (u) N No(v) = N3+ (u) N NE(u) = 0.
(3.3) There exists a cycle C' in H such that N& (v) N Ne(v) # 0.

Indeed, if (3.3) is false, then by (3.2), we have for every cycle C in H that
2do(u) + do(v) < |CY, and hence 2dg(u) + dg(v) < |B|. Since |A| =2+ (k—
1 —c(H)) <k,

(2da(u) + da(v)) + (2dB(u) + dp(v))
3(]4] —1) + [ B]
n+ 2k —3,

ng(u) + dg(v)

IN A

contrary to §(G) > 2£2%, Hence, (3.3) is true.

By (3.3), there exists a cycle C' in H such that N (u) N Ng(v) # 0. Let
x € N&(u) N Ne(v).

(3.4) Nt (z™) N Ng(v) = 0.



Suppose, to the contrary, that y € NF(z~) N Ng(v). Then z7y~ € E(G),
which implies y # z. Set C(} = yga:_y‘ﬁ:wy. Then (H\ {C, Hi})
{CM), u} is a desired k&-WCP. This contradiction completes the proof of (3.4).

(3.5) Ne(v) N NE*(u) = .

To derive (3.5), suppose y € No(v) N NFT(u). Then, y~"u € E(G). Note
that z7u € E(G). By (3.2), we have y # z. Similarly, by z,y € Ng(v), we
have y £ zT. Set C?) = yﬁm‘uy"?wvy. Then (K \ {C, H;}) U {C®,y~}
is a desired k-WCP. This contradiction proves (3.5).

(3.6) NE (o) 0 NE¥() € {04},
Suppose the contrary: y € NJ(z7) N Nt (u) C {z~,z+}. Then, y # z. Set
B = m"y‘ﬁm_ and C® = mﬁy"‘uvm. Since y = 2™, z,zt, € and CW
are disjoint cycles of G. So, (H\ {C, H;}) U{C® O™} is a desired k-WCP.
This proves {3.6).

It follows from (3.4)-(3.6) that do{z™) + do(u) + de(v) < |C| + 2. Similarly,
we have do(z) + de(u) + de(v) < |C|+ 2. Therefore,

(3.7) do(z™) + do(z) + 2do(u) + 2de(v) < 2|0 + 4.

Note that |Al =k + 1 — ¢(#H). To avoid a desired k-WCP, every vertex of A

is not insertable in . Hence,
(3.8) Na(z7) N Ny(z) = 0.
(3.9) c(H) > 2.
Indeed, if ¢(H) = 1, then by (3.7) we have
dp(27) + dp(z) + 2dp(u) + 2dg(v) < 2|B| + 4.
Recall that |A| < k. Since u,v € A, by (3.8),

dg(:l?_) + dg(m) + 2dg(u) + ng('v)



(dala™) + da(z) + 2da(u) + 244 (0))
+(dp(27) -+ da(z) + 2dp(u) + 2dp(v))
(3]A[ = 4) + (2B] + 4)

2n + 3k,

contrary to §((7) > £, This proves (3.9). -

<
<

In the following, we let C' be any cycle in H\{C}. To avoid a desired k-WCP,
we have

(3.10) Neo(v) N N (0) = NG (7)) N NE (v) = 0.
(3.11) N&Ht (z7) N N (v) = 0.
Suppose, to the contrary, that y € N&T(27) N Nov(v). Set

C' = xﬁm"y"""g’va

and H' = (H\ {C,C",uv}) U {C”,y~y~,u}. Then, H' is a k-WCP of G
containing one K, and ¢(H') < ¢(#H). This contradiction completes the proof
of (3.11).

It follows from (3.10) and (3.11) that der(z7) 4 2de(v) < |C7]. Similarly, we
have dg/(z) + 2dee (u) < |C7], and hence

(3.12) do:(m_) + dol(&?) + 2dg:(u) + 2d (’U) < 2|C"|.

By (3.7) and (3.12), we see that
de(z”) + dg(z) -+ 2dp(u) + 2dp(v) < 2|B| + 4.

By an argument similar to that in the proof of (3.9), we can get a contradic-
tion. This completes the proof of Theorem 4.
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